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The formalism introduced in Paper I [J. Math. Phys. 18, 952 (1977)] is made manifestly covariant by
including as an admissible phase space any 2n-dimensional submanifold of the forward tube
T={x—peC™!|y,>l} which is of the “product” form o= S—if},, where {}, ={y€R"]

yo==0+y?)?], A>0, and § is any space- or-lightlike submanifold of space-time R"*'. The o’s have

natural symplectic structures covariant with respect to the Poincaré group, and a norm |{ -1}, on the
space K of solutions is defined by integrating with respect to the Liouville measure on ¢. This
automatically gives || f1| 2 as the total flux of a conserved space-time vector field, implying that 11 fl1, is
independent of ¢. Some inconsistencies encountered in the space—time theory of Klein-Gordon perticles

appear to be resolved in the phase-space framework.

1. INTRODUCTION

In g previous paper,! hereafter refered to as I, a
phase-space formulation of relativistic quantum me-
chanics was initiated, A “coherent-state” representa-
tion of the Poincaré group P; for massive scalar parti-
cles was constructed on the space K of positive-energy
solutions of the Klein—Gordon equation in {n +1)-dimen-
sional space—time, The elements of K extend as holo-
morphie functions to the forward tube® T

F&)=@r)y"? [ expl- izp)f (p) d2p),

where
z=(z,5)e T =lx—iye C™[y,> [y{}=R™ iV,
Q={peR™|py=(m’+p")!*=w(p)}, m>0,
dQp)=dpy---db/w, 2p=2P—2:P,

and F(p)= o[ f(x, 0)] (p) where ~ denotes the Euclidean
Fourier transform in R", It was shown that the
functions

e,(p)= 21y exp(izp) (1.2)

(defined so that f(z)={e, )/} ;2,; Z is the complex con-
jugate of z € 7] belong to L%(Q) and represent optimal
wavepackets (in the sense of Theorem 4 of I) centered in
space—time about x (that is, focused at x at time® x)
and traveling with expected energy—momentum propor-
tional to y. Hence the submanifold

1.1)

Py={x-iye T|z,=0,5"=2%, 1>0, (1.3)

can be interpreted as a classical “initial phase space”
for the particle. The space of restrictions of fe X to
P, is denoted by X,. It was shown that the expression

Nrli= g, L@ P ame), 1.4)
du, &) =Cydxy e« de,dyy - -dy, (1, 5)

(where C, is a certain constant) defines a norm on K
and X, which satisties || Fll, =l Fllz2@, (Theorem 2 of I,
This implies that & and X, are Hilbert spaces

under the corresponding inner product {+]*), and tnat
the ‘map fr f is unitary from L(R?) onto K and K,. We
have a continuous resolution of the identity? in terms of
the e,, z€ B,

Jo 1eXe] an ) =L (1. 6)
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Now L¥(Q) carries an irreducible unitary representation
U of P, (characterized by mass m and spin zero) under
which the ¢, are covariant,

Ue,=e,, geP:, ze /. 1.7
Hence the corresponding representation on X (also
denoted by U) is given by

(U N =flg"2). (1. 8)

The set P, is not invariant under the action of 2, on
7, hence the above formalism is not manifestly co-
variant, In this paper we construct a natural class §; of
“phase spaces” 0 C7T and associated measures p, to
which the main results of I extend, ¢, includes P, {the
corresponding measure being p,) and is invariant under
P, hence the formalism is freed from its dependence
on P, and becomes manifestly covariant,

We begin in Sec. 2 by regarding 7 as an extended
phase space, 5 on which P} acts by canonieal transforma-
tions, Candidates for phase space are 2n-dimensional
symplectic submanifolds®? o7, and P transforms
different ¢’s into one another by canonical transforma-
tions, A 2n-submanifold of the “product” form §-i%Q,,
where § is an n-submanifold of space—time and @, is a
“mass hyperbeloid,” turns out to be symplectic (with
respect to the induced structure) if and only if S is
space-ov-lightlike. Such ¢’s form a family §; which is
invariant under P},

In See. 3 we extend the results of I to arbitrary
o< §;. Each o carries a canonically associated
(Liouville) measure i,. We show that for each fe K,
NAH2=1f11%2, , is the total flux of a conserved vector
field, hence iﬂdependent of O,

In Sec, 4 we show how the phase-space formalism can
be used to resolve certain inconsistencies in the usual
theory of Klein—Gordon particles,

2. SYMPLECTIC STRUCTURE

The Poincaré group acts on X by simply transforming
the underlying space 7 : (U,f)(z) =f(g"'z), where g
=(a,AYe P, and gz =Az +a, We wish to sapply 7 with
a symplectic structare®’ such that the map z+~gz is a
canonical transformation for each g€ 2., That is, we
need a 2-form o on 7 which is (a) closed {do=0),
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{b) noudegenerate [the {z +1)-fold exterior product

a™ is never zero], and (c) invariant under /), The last
condition means that g*a = a, where g* is the pullback
map on forms induced by £ (a brief description of which
is given in the Appendix), Since every Poincaré-
invariant function ¢(z) on 7 depends on z only through
y?, the most general invariant 2-form is given by

o= qa(ya)-dy..dx" + Py, dy* de’,

(We are suppressing the wedge notation; thus, e.g.,
dy* dx¥ = dx* dy*, ) Now the action of 2, on 7 is not
transitive, and 7 decomposes into a union of orbits
[Eq. (3.8)in1]

=Y B
2.2}
Pi={z=x-iyeT|y*=2}= P,/So(n)

As shown in I, each P gives rise to an equivalent
representation of P, Our main results in this paper
{Sec. 3) will be confined to P{ for a fixed A, Since the
second term in (2.1) contains d{y?)=2y,dy" as a factor,
its restriction to P} vanishes, Hence we will confine
our attention to i

a=dy, d* (2.3)

without essential loss of generality, This form is sym-
plectic as well as invariant, thus each g€ /P, acts on 7
by canonical transformations,

7 is an extended phase space, containing the time %0
and the “energy” ¥, as a pair of {ree canonical varia-
bles., A 2x-submanifold ¢ of 7 will be a candidate for
phase space only if the pullback o, of @ to 0 is 2 sym-
plectic form, Let ¢ be given by

o={zc T{sz)=h(z) =0}, (2.4)

where s and k are two real-valued, C” functions on [
such that dsAdh+ 0 on 0, For example, 0 =P, can be
obtained from s(z)=x, and k(z)= vyT -1, The pullback
Q, does not depend on s and k,

Pyoposition 1: The form «, is symplectm if and only
if the Poisson bracket .
3s dh 95 ok

{s,h}= - o= = o=m %0

axw dy, oy, ox® @.5)

everywhere on o,

Proof: a, is closed since « is closed. Hence ¢, is
symplectic iff it is nondegenerate, L. e,, if and only if
the nth exterior power. & of o, vanishes nowhere on 0.
Now o} equals the pullback of a" to o, and

a"=nldy, di",
where

(2. 6)

dj:‘:“:('_)“dyo.Qfd&“_idyu?,?-'-;dj_;,!,- )
d&"‘:(—)"dx"---dx““cbc““...dx“_ 2.7

Let {uy, . .. ,us,,¥1,V2} be a basis for the tangent space
7.of T at zeo, withu,,,..,%;,a basis for the sub-
space 0,. Then since ds and 4k vanish on the u,,

(aﬂ/\ds’\dk)(uh e .:u2mvlivﬂ)
=01y . o o Uz (dS A dR) 1, D2)
= a:(“l, avs ;Z‘Q,J(ds,\dh)(vi,vz)o :
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.. By assumption dsAdh=0 at z, hence (dsAdh)(@y,v,) #0.

Thus «, is nondegenerate at z if and only if a"l\dsf\dh
#0 at z, But by (2, 6), : . - :

a"Ads Adh=n!{s, h}dy dx,

where
dy=dygeeedy, de=d"..dx®
Hence o7#0 at z if and only if {s,k}#0 at 2, ]

We denote the family of all symplectic 2n-submani-
folds of 7 by 4.

Proposition 2: Let 0 € §o and g€ P Then goe §, and
the restriction g:¢ — g0 is a canonical transformation
from (0, a,) onto {go, o).

Proof: Let g* denote the pullback map defined by £,
taking forms on go to forms on 0, Then the invariance
of a implies

gra,,=a,, @, 8)

thus o,, is nondegenerate, hence symplectic (it is auto-
matically closed since o is closed), Thus go€ §y To
say that g :0 —go is canonical means precisely that

a, and a,, are related by (2. 8). ' .

We will be mainly interested in the special case
where i(z)= (%)% - » for some > 0 and 5(z) depends

“only on %, Then S={x € R™|s{x)=0} is an n-submani-

fold of space—time R™!, hence a candidate for con-
figuration space, and 0=35- iQ, where £, is the hyper-
boloid with y, = (.2 +y%)1/2, The following theorem is -
physically significant in that it relates the pseudo-
Euclidean geometry of space—time and the symplectic
geometry of phase space,

Theovem 1: Let 0 =S—iQ, be as above, Then (o, a,)

" is symplectic if and only if

as a8

Bx 8x">'0’
that is, S is space-or-lighilike.

Proof: On 0, we have

{s, =

and we may assume {s, 7} to be positive without loss,
For fixed x € S, (2. 9) must hold for all y € ©2,, hence for
all ye V,, This implies that the vector (3s/2x*) is in the
closure ¥, of V,, that is,

8s 98
ax“ ox#

We denote the class of 0=5~iQ, with

s as
ax ax"

axn e @.9)

—=0, o B . |

by §1. 5 1 is a subfamily of §; and is clearly inva.ria.nt
under /.,

3, REPRESENTATION IN K, 0€ 5,

Every symplectic manifold ¢ has a canonically asso-
ciated measure j,, hence an associated complex Hilbert
space L%(i,). Given ¢ & §;, we denote the vector space
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of restrictions of f€ X to o by X,. In general X, may

not be contained in L*(n.). In this section we prove that

when 0 Sy, then /1124 = 1fll,=Ilf1l for all fe K
[in particular, K, is a closed subspace of L*(i,) and we
have the counterparts of Theorem 2 of I and corollary 1
of I for K,]. Hence each o€ §; is as good-as P,, The
proof suggests that §, is the natural class of “phase
spaces” for our approach,

It is remarkable, and somewhat surprising, that so
large a class of phase spaces are admissible, in partic-
ular those with lightlike S, A possible applicatmn is
suggested in Sec. 4,

Thus let ¢ =S~ i, € §; and define the forms plon7)
and u, (on o) by

Cla:! (3- 1)

1
nl
where C, is given by (3.12) of I, We shall give a con-
crete expression for . Since
- 9s_ s
ax Px®

h= G =GB, b=

=.>0

and ds+0 on 0, we can solve ds=0 (satisfied by the
restriction of ds_ to 0) for dx® and substitute this into
dx*: This {and a similar procedure for y) gives

- as\1 as
dx“ = (axo) dxo

on o, '(3.2)
- ar\™" ok
ay,= (a) dyo=ya;v“dyo
1y
ht'-znct-.\a
—C dyy di°, 3.3
Mo (ax")( )y @.9)

We identify o with R*® by solving s{x) =0 for 2" =#(x)
and mapping (X~ 1y, #{x) ~ (2 +y)1/%) to (x,y). We
further identify dy,di® with Lebesque measure d" d's
on R*" (this amounts to choosing the nonstandard orien-
tation® dyy -+ - dy,dx". . .dx' of R™"), This gives p, as a
‘measure on R*", Note that when s(x)=x° we obtain 0 =P,
and p., .l.l.,t [Eq. (3.11) of I}, Now s(x)=0 on ¢ implies

0=yslx, )= 5+ 25 2 (5.4
which can be substituted into (3.3) to give
1,=C, (1 ::, )d"y '
' =C,(i-Vt- —J;Lo) dmy d'x, 3.5)
But
_g;_s“ % 20

means |Vt 61, hence >0 {ly/y,1 <1) implies that 1,
is nondegenerate as expected. Equation (3. 5) also shows
that if |Vf| =1 for some X, [, becomes “asymptotical-
1y* degenerate at (X,y) as iyl -« in the direction of

vt, That is, if S is lightlike at (x, /{x)), then p, becomes
small as the velocity y/v, approaches the speed of light
in the direction of V£, ‘This means that functions in

' 504 . J. Math. Phys., Vol. 19, No. 2, February 1978

L% )~and in particular, as we will show, in X,—are
allowed high velocities in the direction of Vi(x) at
(x, tx)) € S, ,

Letoe § and denote the Hilbert space of all com-
plex-valued, measurable functions on ¢ with

Frl3=s 1 Pug<e (3.6)

by L*(u,). & fis a C™ function on 7, we restrict it to o
and define [{ fll, by (3.6). To prove that [j Fll, =1l fli, for
FeK we first show that each fe X defines a conserved
{probability) current on space—time, Let

#E=Cfy | F e =in)|2as,, 3.7

where £, has the orientation defined by dy,, so that j%(x)
is positive., Then

[ 71=Js" )i, (3.8)

where S is oriented by d%® {the restriction of dx’ to S
does not vanish since |V <1).

Theovem 2: Let f'(p) be C” with compact support,
Then j“(x) is C” and

5% 0. | (3. 9)
Proof: By (3.2),
#E)=Cy f, 9*] fle - i) |2y (3), (3.10

where d,(y) =dy,/y,. The function
F2(y,5,9)%y" explix(p - 9) - y(p + )| 7(2)la)
is in LR, x2xQ), hence by Fubini’s theorem,
7#6) = @M7C, fo, AR() [org 4PV IO FE (9, 5,9)
= @1)C, [, 49(p) d0q) explix(p- q)]
<A217a) fo, A% (y)y* expl- 3(p +9)]
= (27)7"C, fq 4UP) dUg) explix(p ~ ))

FOV@(B" + g™/ Tlem/n" K, 0,  (3.11)

where n=[(p +4)*]'/*> 2m and we have used (A6) of L
Differentiation under the integral sign to any order inx
still gives an absolutely convergent integral since f has
compact support; hence j* is C™, Differentiation with

respect to £" brings down i(p, ~ ¢,) from the exponent,
hence (2. 9) follows from p? =g¢*=m?, .

Remark: Equation (8. 9) can also be given a geometri-
cal argument, Let By={ye V,iy,> (2 +y)1/%, oriented
by dy =dyy-* +dy,. Then @, =- 8B, (f, is oriented by
dy,), hence by Stokes’ theorem®

1 ——C (x_- ) 2d“u
3 ) "ﬁs,lf i) dy
=-C, [ a(|f]*a.)

r 2
Z—C; figldy. (3,12)
. EN __3’9

To justify the use of Stokes’ theorem it must be shgwn
that the contribution from Iyl — ¢« to the first integral
vanishes. Then (3. 9) is obtained by differentiating under
the integral sign {which must also be justified)-and using
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axe gy, _ )
which holds for f€X. Equation (3.13) depends upon both
the holomorphy (or antiholomorphy) of f and the fact that
f satisfies the Klein—Gordon egquation—that is, it holds
for positive- energy (or negative-energy)} solutions only.
For such solutions (3,13) states that (3171%/ay,) is a
“microlocal” {local in phase space) conserved space—
time probability current for each fixed y € V,, Hence
the scalar function ! f(z}1? is a kind of “potential” for
the probability current, We can now prove our main
result. '

0, (3.13)

Theorem 3: Let 0 =5-1if2, € §, and f€ K. Then
Al =t Al

Remarks:

1. Properties (a)—{c) of Theorem 2 of I have
counterparis for K.

2. As before, we obtain a resolution of the identity
by polarization,

3. Let feL¥(f2), let f be the corresponding function in
X, and let f, be its restriction to € §y, Then || 7l
=N fll,=fHl,. We will always regard K and £, as
Hilbert spaces and identity K, =K = L*(8),

Proof: We will prove that || fll, =l fIl, when )
&/)(R"), which implies the result for arbitrary f € L}(®)
by continuity. Let S be given by x,=£(x), and let

Dp={x e R™!| x| <R, x,€[0,®)]},
Ex={xc ™| ixl =R, x [0, ],
Spa={x € B™| Ix1 <B, %,=0},
Sp={xe R™!| Ix| <R, xy=t®)},

where [0, #(x}] means [¢(x), 0] if £(x).<0, We orient Sz
and Sy by dx,, Eg by the “outward normal”

n
P=— T xbdi®,
k=1

(3.14)

|

and Dy, so that 3Dg=Sg— Sy + Er. Now let f(p) € J(R".
Then §* is C”, hence by Stokes’ theorem,

L L L oo

i
ey [
=( )fax"d" 0.
We will show that o
AR)= [ j*di* —0 as R—, (3.15)
which implies that
. R cugtu 2
£ §emtim fg g* @t =tim [ j*dx*= 1]l
To prove (3.15), note that on Ep, dx®=0 and
. dx! di? dz"
dxkzxk-;i- =x‘.-}-2——_—-..=xk—x—n—’ (3. 16)

each form being defined except on a set of measure
zero; hence ¥=Rdx'/x!, By (3.10), |j*(x)| <j'(x),
henece - : . ‘
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{a®)| =

B [yl %)

N x
€n sgj (x)R"';f‘-—n fzxjo{x);ga(“m'

Now by (3.11)
) = [2ad'd &g explix(p - )0 ©,Q),

where

00 G TTRLLN ) i,

with ns‘{(p +q))'/*2 2m, Let D be the operator z.V,,
where % = X/R, and observe that (for x € Ep)

D explixp)
, X0 ~ . , N
=- zR(I -R* v) explixp)=- iRt (x, p) exp(ixp),

(3.19)

where v=p/p;. Since ¢ €/)(R?™, there is a constant o
<1 such that |vi < a for all pe supp¢. Furthermore,
since |V£] <1, given any ¢ >0 we have lx,| <R(L +¢) for
x € E, with R large enough; hence .

|t p)|>1-a(t +e), xcEs, pesuppp.  (3.20)

Choose 0 <¢ <1/a~1, substitute
exp(inp)= frp—s Dexplisp), x<Ep 6.21)

into (3,18) and integrate by parts: _
se=L o ayjo (B2
F@=7g fxz"d"p d"q explix(p q)]’D(‘;'(x,p))
“d [ peuenlr-0bie0. 6.2

This process can be continued, giving {for x €Eg)
@) =GR [ pad'p d'g explix(p - )6 ), ),

N=1,2,-., - (3.23)
where _ S
N . R\
*o.0=(03) ¢(p,q)a(x-v,(1 -22.v) ) s0,9.
: (3.24)

Now [D(1/£)]¥ is a partial differential operator in p
whose coefficients are polynomials in D*(1/¢),

k=0,1,,..,N. We will show that for xc Egwith R
sufficiently large, there are constants b, such that

 [pra/p| <by, E=0,1,2,.- - (3,25)
‘which implies that
lo ¥l sreatmy <Cy, x€Eg, N=1,2,+0¢ (3. 26)

for constants Cj, so that by {3.17) and (3. 23),

a®y=n [ #F<nRY f 12 o teznr )

E E i

= ¥ T/2) o dy *
It/

= T/a) O (T 0 as R
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if we choose N>n. To prove (3. 25), note that it holds
for k=0 by (3. 20) and let u=%.v, Then

and it
Dhu=Py(u)/ Ph, 3.27)
where P, is a constant-coefficient polynomial, then

- P;;(u)Du 2Py (u) Praife) |
D‘"u—-— po ph,l Ps-ri b4

hence (3, 27) holds for k=1,2,... by induction. Thus
xg Palte
1—29—%1 k=1,2,0++,

“q=
] _"D'E“" "’W ’
which impl!es

(3. 28)

|D*| x| Py

But D'_{l/g) is a pol,vnomial in 1/t and bg,D’g, vee, DR,
hence (3. 25) follows from (3. 20) and (3.28), .

-4, DISCUSSION

1, The phase-space approach appears to resolve some
difticulties™!! encountered.in the usual (space—time)
theory of Klein—Gordon particles, which goes as
follows: The counterpart of X is the space // of boundary
values f(x) of flx-iy), fe X, asy—01in V,, For a given
spiazcelike surface SCR™!, the norm in 4 is defined
by —

17 1%=fo ) ai%,

J“(x)—-h{ﬂx)ﬂ?}

4.1)
{4.2)

The current J* gatisfies the continuity equation (3, 9),
ensuring that || fll s is independent of S, Now the
Newton—Wigner postulates'® for “localized states”
uniquely determine these states {at time x,=0) to be

- $:()= @)} exp(- ix. p) @.3)

[these are the generalized eigenvectors of the position
operators X, of Eq. (4,1) of I}, Hence the configura-
tion-space probability density at time x4=0 is given by

px)= I‘Wslf)rhm [z
= @n)" f f ELEL F V(5 emplix- @ -],

4.4)
This expression does not coincide with
2ey=3e0 [ [ ao(L+ 1) oo
x expﬁ“ (p"' p)}; (4. 5)

which is the probability density associated with the cur-
rent J*{x). In fact, J°p(x) cannot be the time component
of any space~time vector field (which shows once
more®® that sharp Iocalization, in the sense of Newton
and Wigner, is incompatibie with relativistic co-
variance),. This is the first difficulty, ‘The second dif-
ficulty is that éven if one gives up the notion of localized
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states as a fundamental concept, J"{x) cannot be ac-
cepted as the probability current since it turns cut that
J'x) can be negative. ! (Even for positive-energy solu-
tions, i.e,, fef, for whieh || fll 5 is actually positive
defmite!)

By contrast, our expression j°(x) is nonnegative as
well as being the time component of a vector field;
hence the second difficulty is clearly resolved in the
phase-space framework, As for the first, note that if
“sharp” localization in space is replaced with “soft”
localization in phase space—i. e,, replace the ¥,, which
satisfy ($pld12¢g; =06’ - X}, by the e,, 2 €0 for some
o ¢ §y—then we obtain

plz)= |(3gl_f>r.2tm|z=lf(2)iz, fek “4.8)
as the probability density (with respect to ;) in phase
space, This, as we have seen, is compatible with (in
fact, gives rise tol) the current j*(x). The price of this
compatibility is that °(x) can no.longer be regarded as
a sharp probability density but, rather, is the average
of the “soft” density p(z) over the “mass shell” Q,,
Accordingly, j*(x) depends on the parameter » which
measures, very roughly, the extent of spatial smearing
associated with the continuous bagis e, zc o P,

2, In T we have seen that A=0 can be admitted as a
limiting value in the relation || fli, =l fll, provided f is

‘interpreted as a boundary-value function, Similar con-

siderations apply to generaloc P§, v<f,, when A0,
Thus the family §¢ could be slightly enlarged. Note that
the expression (3, 5) for J1, shows that even when A=0
{i.e., ty/ye!=1), p, is nondegenerate except at those

" (x,y) for which (a) V£ =1 (i.e., S is lightlike at X)

and (b) y/y,="V¢ This set is of measure zero in R*",
and on it fe X may develop singularities {caustics).

3. In recent yedars there has been progress in the
quantization of field theories on surfaces other than x,
=const, %1% In particular, the so-called “lightlike
quantization” uses surfaces which.are everywhere
lightlike, and appears to have practical applications, !
The transition from x,=const to lightlike surfaces ap-
pears to present mathematical problems!®: possibly the
present formalism, when extended to quantum field
theory, can be of help. .
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APPENDIX

We give here a brief description of the pullback map,
used throughout this paper.

Given two manifolds M and N of dimensions m and »
respectively, a differentiable mapping g: M —~ N can be
expressed locally as g: U~ V where U and V are open
subsets in R™ and R, respectively. Then the differen-
tial map g, maps each tangent space M_, x € M, to the
tangent space N, at gx € N and is given in local co-
ordinates by
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i ifypd i_og
gy lE) =4, A,'='é‘x7.‘ (A1)
The pullback map g* takes the dual N}, of N, to the dual
M of M, as follows: The linear form p: N, —R is
mapped to the linear form g*p : M, —~ R defined by

Lg*p)E) =p(g.8). : ' (A2}

A 2-form on N is a bilirear, skew-symmetric map-
ping o :N,XN,~ R on each tangent space N,, y e N,
The map g defines a map (2150 denoted by g*) taking
2-forms on N to 2-forms on M, as follows,

(g*oz)(&, E')'—*O!'(g*ﬁ,g*&'), £ EeM, (A3)

In case M is a submanifold of N and g denotes the
inclusion map, we have A}(x)=6{, ¥ € M; hence g*x
is the restriction of & to vectors tangent to M,
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